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Abstract
We analyze all orthonormal bases of exponentials on the Cantor set defined by Jorgensen and Pedersen
in J. Anal. Math. 75 (1998) 185–228. A complete characterization for all maximal sets of orthogonal expo-
nentials is obtained by establishing a one-to-one correspondence with the spectral labelings of the infinite
binary tree. With the help of this characterization we obtain a sufficient condition for a spectral labeling
to generate a spectrum (an orthonormal basis). This result not only provides us an easy and efficient way
to construct various of new spectra for the Cantor measure but also extends many previous results in the
literature. In fact, most known examples of orthonormal bases of exponentials correspond to spectral label-
ings satisfying this sufficient condition. We also obtain two new conditions for a labeling tree to generate a
spectrum when other digits (digits not necessarily in {0,1,2,3}) are used in the base 4 expansion of inte-
gers and when bad branches are allowed in the spectral labeling. These new conditions yield new examples
of spectra and in particular lead to a surprizing example which shows that a maximal set of orthogonal
exponentials is not necessarily an orthonormal basis.
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1. Introduction
For certain probability measures μ in Rd there exist orthonormal bases of countable families
of complex exponentials {e2πiλ·x | λ ∈ Λ} for the Hilbert space L2(μ). We called them Fourier
series by analogy with the classical example of intervals on the real line. In this case, the measure
μ is called a spectral measure and the set Λ is called a spectrum for μ. When μ = 1|Ω| dx (where
Ω is bounded subset of positive Lebesgue measure |Ω| > 0 and dx is the Lebesgue measure),
the existence of a spectrum is closely related to the well-known Fuglede conjecture which asserts
that there exists a spectrum for μ if and only if Ω tiles Rd by translations using discrete set. This
conjecture was proved to be false in higher dimensions by Tao [22] and others, but it is still open
in dimension 1 and 2. We refer to [11,13,16,17] for some important results and developments
related to the spectral pairs with respect to probability measures that are obtained by restricting
the Lebesgue measure to bounded sets.
Definition 1.1. Let eλ(x) := e2πiλ·x , x ∈ Rd , λ ∈ Rd . A probability measure μ on Rd is said
to be a spectral measure if there exists a set Λ ⊂ Rd such that the family {eλ | λ ∈ Λ} is an
orthonormal basis for L2(μ). In this case Λ is called a spectrum for the measure μ.
There exist other probability measures that are not the restriction of the Lebesgue measure to
bounded sets, but they admit spectra. The first example of a singular, non-atomic, spectral mea-
sure was constructed by Jorgensen and Pedersen in [8], and Strichartz [18] gave a simplification
of part of the proof. These results led to the spectral theory for fractal measures which has re-
cently become an important topic of research in harmonic analysis. These fractal measures also
have very close connections with the theory of multiresolution analysis in wavelet analysis (see
e.g. [3,6]).
The Jorgensen–Pedersen measure is constructed on a slight modification of the Middle Third
Cantor set. This can be obtained as follows: consider the interval [0,1]. Divide it into 4 equal
intervals, and keep the intervals [0, 14 ], and [ 12 , 34 ]. Then take each of these intervals and repeat
the procedure ad inf. The result is a Cantor set
X4 :=
{ ∞∑
ak
1
4k
∣∣∣ ak ∈ {0,2}}.k=1
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measure 14 to the four intervals at the next stage, etc. It is the Hausdorff measure of Hausdorff
dimension ln 2ln 4 = 12 .
The set X4 and the measure μ4 can be defined also in terms of iterated function systems (see
[7] for details). Consider the iterated function system (IFS)
τ0(x) = x4 , τ2(x) =
x + 2
4
(x ∈ R).
Then the IFS {τ0, τ2} has a unique attractor X4, i.e., a unique compact subset of R with the
property that
X4 = τ0(X4) ∪ τ2(X4).
The measure μ4 is the unique probability measure on R which satisfies the invariance equation:∫
f (x)dμ4(x) = 12
(∫
f
(
x
4
)
dμ4(x) +
∫
f
(
x + 2
4
)
dμ4(x)
) (
f ∈ Cc(R)
)
. (1.1)
Moreover, the measure μ4 is supported on X4.
In [8], the authors proved that the set
Λ =
{
n∑
k=0
4kdk
∣∣∣ dk ∈ {0,1}, n 0}
is a spectrum for μ4.
The results of Jorgensen and Pedersen were further extended for other measures, and new
spectra were found in [2,4,5,12,14,15,19]. Some surprising convergence properties of the asso-
ciated Fourier series were discovered in [20].
Two approaches to harmonic analysis on Iterated Function Systems have been popular: one
based on a discrete version of the more familiar and classical second order Laplace differential
operator of potential theory, see [10,21]; and the other is based on Fourier series. The first model
in turn is motivated by infinite discrete network of resistors, and the harmonic functions are
defined by minimizing a global measure of resistance, but this approach does not rely on Fourier
series. In contrast, the second approach begins with Fourier series, and it has its classical origins
in lacunary Fourier series [9].
In general, for a given probability measure μ any of the following possibilities can occur:
(i) there exists at most a finite number of orthogonal complex exponentials in L2(μ); (ii) there
are infinite families of orthogonal complex exponentials and one of them is an orthonormal basis
for L2(μ), and in this case μ is a spectral measure. The first example satisfying (i) is the Middle
Third Cantor set, with its Hausdorff measure of dimension ln 2ln 3 . In [8] it was proved that for this
measure no three exponentials are mutually orthogonal. Detailed analysis on this was given and
many new examples were constructed in a recent paper [4]. However, for a given measure μ
it remains a very difficult problem to “characterize” all the spectra or the maximal families of
orthogonal exponentials. Moreover, it is not known whether every such a maximal family must be
an orthonormal basis for L2(μ). The main purpose of this paper is to answer all these questions
for the measure μ4.
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nite binary tree and the base 4 expansions (using the digits {0,1,2,3}) of the integers. Then we
characterize all maximal sets of orthogonal exponentials in L2(μ4) by showing that they cor-
respond to spectral labelings (Definition 3.1) of the binary tree (Theorem 3.3). In Example 4.8
we show that there are maximal sets of orthogonal exponentials which are not spectra for μ4.
This is surprising, since in the previous examples in the literature, all maximal sets of orthogonal
exponentials were also spectra for the associated fractal measure.
The spectral labeling characterization helps us obtain one sufficient condition for a maximal
family of exponentials to an orthonormal basis for L2(μ4) (Theorem 3.10). This sufficient con-
dition improves the known results from [2,8,12,19], and, as shown in Section 4, it clarifies why
some of the candidates for a spectrum constructed in [12,19] are incomplete, and how they can
be completed to spectra for μ4.
In Section 4 we consider other digits that can be used for the base 4 expansion of the integers
in the candidate set Λ, and give some sufficient conditions when these will generate spectra for
μ4 (Theorem 4.4). We construct some examples of spectra and give the example showing that
a maximal set of orthogonal exponentials is not necessarily a spectrum. In addition a result of
Strichartz in [19] is improved with the help of our Theorem 4.4 (see Remark 4.5).
In an attempt to obtain a “complete” characterization of all the spectra, in Section 5 we present
a few other basic properties of spectra for μ4 and give another sufficient condition for a spec-
tral labeling to generate a spectrum (Proposition 5.3) where limited number of “bad” paths are
allowed in the labeling. This new condition allows us to construct an example (Example 5.4)
of a spectral labeling that gives us a spectrum even though it does not satisfy the hypothesis of
Theorem 3.10. Although we were not able to obtain a “complete” characterization for a maximal
family to generate a spectrum, we believe that a combination of our results Theorem 3.10 and
Proposition 5.3 might come close.
For the sake of clarity, in this paper we focus our discussion on the fractal measure μ4. We
believe that this example has many of the key features that might occur in more general fractal
measures, and most of our results can be generalized for other IFS measures.
2. Preliminaries
To define the sets of integers that correspond to families of orthogonal exponentials, in this
section we will recall some basic facts about base 4 expansions of integers.
Definition 2.1. Let k be an integer. Define inductively the sequences (dn)n0 and (kn)n0, with
dn ∈ {0,1,2,3} and kn ∈ Z: k0 := k; using division be 4 with remainder, there exist a unique
d0 ∈ {0,1,2,3} and k1 ∈ Z such that k0 = d0 + 4k1. If kn has been defined, then there exist a
unique dn ∈ {0,1,2,3} and kn ∈ Z such that kn = dn + 4kn+1.
The infinite string d0d1 . . . dn . . . will be called the base 4 expansion or the encoding of k. We
will use the notation
k = d0d1 . . . dn . . . .
We will denote by 0 the infinite sequence 000 . . . , and similarly 3 = 333 . . . . The notation
d0d1 . . . dn0 indicates that the infinite string begins with d0 . . . dn and ends in an infinite repe-
tition of the digit 0. Similarly for the notation d0 . . . dn3.
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expansion ends in 0, i.e., there exists N  0 such that dn = 0 for all nN . In this case
k = d0 . . . dN0 =
N∑
n=0
4ndn. (2.1)
If k < 0 then its base 4 expansion ends in 3, i.e., there exists N  0 such that dn = 3 for all n 3.
In this case
k = d0 . . . dn3 =
N∑
n=0
4ndn − 4N+1. (2.2)
Moreover, if k is defined by the formula on the right-hand side of (2.1) or (2.2) then its base 4
expansion is d0 . . . dN0, in the first case, or d0 . . . dN3 in the second case.
Proof. For k  0, the base 4 expansion is well known. Let us consider the case when k < 0 and
let k = d0 . . . dn . . . be its base 4 expansion. Take N  0 such that k  −4N+1. Let (kn)n0 be
defined as in Definition 2.1. Then 0 > k0 = k  −4N+1. Since k1 = k0−d04 it follows that k1 
−4N+1−3
4 −4N . By induction 0 > kN+1 −40 = −1. So kN+1 = −1. Then kN+2 = −1−34 , so
kn = −1 and dn = 3 for all n  N + 1. Thus the base 4 expansion of k ends in 3. Moreover,
since kN+1 = −1, we have that kN = dN − 4, kN−1 = dN−1 + 4kN = dN−1 + 4dN − 42, and, by
induction
k = k0 = d0 + 4d1 + · · · + 4NdN − 4N+1. 
Lemma 2.3. Let b be an integer and let b = b0b1 . . . be its base 4 expansion. Let a be another
integer that has base 4 expansion ending with the expansion of b, i.e., a = a0 . . . anb0b1 . . . . Then
a = a0 + 4a1 + · · · + 4nan + 4n+1b. (2.3)
Conversely, if the integers a and b satisfy (2.3) with a0 . . . an ∈ {0,1,2,3}, then the base 4 ex-
pansion of a has the form a = a0 . . . anb0b1 . . . , where b = b0b1 . . . is the base 4 expansion of b.
The base 4 expansion d0d1 . . . of an integer k is completely determined by the conditions:
dn ∈ {0,1,2,3} for all n 0, and
N∑
n=0
dn4n ≡ k mod 4N+1 (N  0).
Proof. The proof follows directly from Proposition 2.2 by a simple computation. 
3. Main results
In this section, we will characterize maximal sets of orthogonal exponentials and give a suffi-
cient condition for such a maximal set to generate an orthonormal basis for L2(μ4).
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First we will characterize maximal sets of orthogonal exponentials. These will correspond
to sets of integers whose base 4 expansions can be arranged in a binary tree. We will call this
arrangement a spectral labeling of the binary tree.
Definition 3.1. Let T be the complete infinite binary tree, i.e., the oriented graph that has vertices
V := {∅} ∪ {0 . . . n ∣∣ k ∈ {0,1}, n 0},
and edges E : (∅,0), (∅,1), (0 . . . n, 0 . . . nn+1) for all 0 . . . n ∈ V , and n+1 ∈ {0,1}, n 0.
The vertex ∅ is the root of this tree.
A spectral labeling L of the binary tree is a labeling of the edges of T with labels in {0,1,2,3}
such that the following properties are satisfied:
(i) For each vertex v in V , the two edges that start from v have labels of different parity.
(ii) For each vertex v in V , there exist an infinite path in the tree that starts from v and ends with
edges that are all labeled 0 or all labeled 3.
We will use the notation T (L) to indicate that we use the labeling L.
Given a spectral labeling, we will identify the vertices v ∈ V with the finite word obtained
by reading the labels of the edges in the unique path from the root ∅ to the vertex v. We will
sometimes write v = d0d1 . . . dn, to indicate that the vertex v is the one that is reached from the
root by following the labels d0 . . . dn.
We identify an infinite path in the tree T (L) from a vertex v with the infinite word obtained
by reading the labels of the edges along this path. See Fig. 1 for the first few levels in a spectral
labeling.
Definition 3.2. Let L be a spectral labeling of the binary tree. Then the set of integers associated
to L is the set
Λ(L) := {k = d0d1 . . . |
d0d1 . . . is an infinite path in the tree starting from ∅ and ending in 0 or 3}.
Theorem 3.3. Let Λ be a subset of R with 0 ∈ Λ. Then {eλ | λ ∈ Λ} is a maximal set of mutually
orthogonal exponentials if and only if there exists a spectral labeling L of the binary tree such
that Λ = Λ(L).
Proof. We will need several lemmas.
Lemma 3.4. The Fourier transform of μ4 is
μ̂4(t) = e 2πit3
∞∏
j=1
cos
(
2π
t
4j
)
(t ∈ R). (3.1)
The convergence of the infinite product is uniform on compact subsets of R.
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Proof. Applying the invariance equation (1.1) to the exponential function et , t ∈ R, we get
μ̂4(t) = 1 + e
2πi2 t4
2
μ̂4
(
t
4
)
= e2πi t4 cos
(
2π
t
4
)
μ̂4
(
t
4
)
.
Since μ̂4(0) = 1, the cosine function is Lipschitz near 0, and cos 0 = 1, we can iterate this relation
to infinity and obtain
μ̂4(t) = e2πi
∑∞
j=1 t4j
∞∏
j=1
cos
(
2π
t
4j
)
. 
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Z := {x ∈ R ∣∣ μ̂4(x) = 0}= {4j (2k + 1) ∣∣ 0 j ∈ Z, k ∈ Z}. (3.2)
Proof. We have 〈eλ, eλ′ 〉 =
∫
e2πi(λ−λ′)x dμ4(x) = μ̂4(λ − λ′). So eλ ⊥ eλ′ iff λ − λ′ ∈ Z .
Using the infinite product in (3.2), we obtain that λ − λ′ ∈ Z iff there exists j  1 such that
cos(2π λ−λ′4j ) = 0. So 2π(λ − λ′) ∈ 4jπ(Z + 12 ). This implies (3.2). 
Note that, since 0 ∈ Λ, for any element a ∈ Λ, we have ea ⊥ e0. Then with Lemma 3.5, we
must have a ∈ Z ⊂ Z.
We will use the following notation: for an integer k with base 4 expansion k = d0 . . . dn . . . ,
we will denote by dn(k) := dn, the nth digit of the base 4 expansion of k.
The next lemma follows from an easy computation.
Lemma 3.6. If n,n′  0, k, k, a, a′ ∈ Z with a, a′ not divisible by 4, and 4n(4k + a) = 4n′(4k′ +
a′) then n = n′.
Lemma 3.7. Let Λ be a subset of R with 0 ∈ Λ. Assume {eλ | λ ∈ Λ} is a maximal set of orthog-
onal exponentials in L2(μ4). Then for d0, . . . , dn−1 ∈ {0,1,2,3} the set
D(d0 . . . dn−1) :=
{
dn(a)
∣∣ a ∈ Λ,d0(a) = d0, . . . , dn−1(a) = dn−1}
has either zero or two elements of different parity. This means that the nth digit of the base 4
expansion of elements in Λ with prescribed first n − 1 digits, can take only zero or two values,
and if it takes two values, then these values must have different parity, i.e., {0,1}, or {0,3}, or
{1,2} or {2,3}.
Proof. Suppose D(d0 . . . dn−1) has at least one element. Suppose a, a′ ∈ D(d0 . . . dn−1) with
dk(a) = dk(a′) = dk for all 0 k  n − 1, and assume dn(a) = dn(a′).
Then (see Lemma 2.3) there exist b, b′ ∈ Z such that
a = 4n+1b + 4ndn(a0) + 4n−1dn−1 + · · · + d0,
a′ = 4n+1b′ + 4ndn
(
a′0
)+ 4n−1dn−1 + · · · + d0.
Then a − a′ = 4n(4(b − b′) + dn(a) − dn(a′)). By Lemma 3.5, since a, a′ ∈ Λ, we must
have a − a′ ∈ Z , so a − a′ = 4m(2k + 1) = 4m(4l + e) for some m  0, k, l ∈ Z, e ∈ {1,3}.
Thus, with Lemma 3.6, n = m and dn(a)− dn(a′) is an odd number. In particular, it follows that
D(d0 . . . dn−1) contains at most two elements.
Suppose now that D(d0 . . . dn−1) has just one element. Then for all a ∈ Λ, with dk(a) = dk
for all 0 k  n − 1, one has that dn(a) is constant dn.
Let d ′n := dn +1 mod 4 and let a′ := 4nd ′n +4n−1dn−1 +· · ·+d0. We claim that ea′ is orthog-
onal to all ea , a ∈ Λ.
Let a ∈ Λ.
Case I. dk(a) = dk for all 0 k  n − 1. Then, with Lemma 2.3, for some b ∈ Z,
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so a − a′ = 4n(4b + dn − d ′n) ∈ 4n(2Z + 1) ⊂ Z . Therefore, with Lemma 3.5, ea′ ⊥ ea .
Case II. There is an integer 0  k  n − 1 such that d0(a) = d0, . . . , dk−1(a) = dk−1 and
dk(a) = dk . Then for some b ∈ Z,
a = 4k+1b + 4kdk(a) + 4k−1dk−1 + · · · + d0.
Since D(d0 . . . dn−1) is not empty, there is a a′′ ∈ Λ such that d0(a′′) = d0, . . . , dk(a′′) = dk , so
a′′ = 4k+1b′′ + 4kdk + 4k−1dk−1 + · · · + d0,
for some b′′ ∈ Z.
Then, as before, since a, a′′ are in the tree, and they differ first time at the kth digit, we have
that dk − dk(a) is odd.
It follows that a−a′ = 4k(4b−4n−kd ′n −4n−k−1dn−1 −· · ·−4dk+1 +dk(a)−dk) ∈ 4k(2Z+
1) ⊂ Z . Hence eb ⊥ ea′ . 
We construct the spectral labeling L as follows: we label the root of the tree by ∅. Using
Lemma 3.7, the set D(∅) := {d(a0) | a0 ∈ Λ} has two elements d0 and d ′0. We label the edges
from ∅ by d0 and d ′0.
By induction, if we constructed the label d0 . . . dn for a vertex, this means that there exists an
element a of Λ that has base 4 expansion starting with d0 . . . dn. Therefore, using Lemma 3.7,
the set D(d0 . . . dn) contains exactly two elements of different parity e, e′. We label the edges
that start from the vertex d0 . . . dn by these elements e, e′. In particular we have that the sets
D(d0 . . . dne) and D(d0 . . . dne′) are not empty.
Next, we check that, from any vertex in this tree, there exists an infinite path that ends in 0
or 3.
Consider a vertex in this tree, and let d0 . . . dn be its label. Then, by construction, the set
D(d0 . . . dn) is not empty. Therefore there is some a in Λ such that d0(a) = d0, . . . , dn(a) = dn.
If we denote dk := dk(a) for all k  n, then by construction the tree contains the vertices labeled
d0 . . . dk for all k  0. Since the string d0d1 . . . is the base 4 expansion of a, it follows that the
infinite sequence d0d1 . . . ends in either 0 or 3. Therefore there is an infinite path from the vertex
d0 . . . dn that ends in either 0 or 3.
Finally, we have to check that Λ = Λ(L). If a ∈ Λ and it has base 4 expansion a = d0d1 . . . ,
then the vertices d0 . . . dk are all in the tree T (L) so the infinite path d0d1 . . . is a path in this tree
starting from the root ∅. Thus Λ ⊂ Λ(L).
For the converse we prove the following:
Lemma 3.8. If a = d0d1 . . . , a′ = d ′0d ′1 . . . are two distinct infinite paths in the binary tree Λ(L)
starting from the root, that end in either 0 or 3, then ea ⊥ ea′ .
Proof. Let k  0 be the first index such that dk = d ′k . Then d0 = d ′0, . . . , dk−1 = d ′k−1 and since
L is a spectral labeling, we have that dk − d ′k is odd. With Lemma 2.3 there exist b, b′ ∈ Z such
that
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Lemma 3.8 shows that, since L is a spectral labeling, the set {eλ | λ ∈ Λ(L)} is a set of
mutually orthogonal exponentials. Since Λ ⊂ Λ(L) and Λ is maximal, it follows that Λ = Λ(L).
It remains to prove that, if L is a spectral labeling, then Λ(L) corresponds to a maximal set of
exponentials. We have seen above that Λ(L) corresponds to a family of orthogonal exponentials;
we have to prove it is maximal. Suppose there exists λ ∈ R such that eλ ⊥ ea for all a ∈ Λ(L).
In particular eλ ⊥ e0, and with Lemma 3.5, we have λ ∈ Z. Let d0d1 . . . be the base 4 expansion
of λ. Let k  0 be the first index such that d0 . . . dk is not in the tree T (L). One of the labels of
the edges from the vertex d0 . . . dk−1 has the same parity as dk , and is different from dk . Let d ′k
be this label. Then dk − d ′k ∈ {−2,2}. Using property (ii) in the definition of a spectral labeling,
there exists an infinite path a in the tree that starts with d0 . . . dk−1d ′k and ends with 0 or 3. Then,
a = d0 + · · · + 4k−1dk−1 + 4kdk + 4k+1b, λ = d0 + · · · + 4k−1dk−1 + 4kd ′k + 4k+1b′,
for some b, b′ ∈ Z. Then a − λ = 4k(dk − d ′k + 4(b − b′)) /∈ Z , because dk − d ′k is even, and not
a multiple of 4 (see Lemma 3.6). With Lemma 3.5, eλ is not perpendicular to ea . This shows that
Λ(L) corresponds to a maximal set of orthogonal exponentials.
This concludes the proof of Theorem 3.3. 
3.2. Spectral sets
Theorem 3.3 shows that when a spectral labeling L of the binary tree is given, it generates
a maximal family of mutually orthogonal exponentials, by reading base 4 expansions from the
tree. In this section we will give a sufficient condition for a spectral labeling to generate a spectral
set, i.e., an orthonormal basis of exponentials.
We will begin by defining certain “good” paths. The restriction on the spectral labeling will
require that good paths can be found from any vertex.
Definition 3.9. Let a ∈ Z and let a = d0d1 . . . be its base 4 expansion. We call the length of a the
smallest integer n such that either dk = 0 for all k  n or dk = 3 for all k  n. We will use the
notation n = lng(a).
Fix integers P,Q > 0. Let ω = ω0ω1 . . . be an infinite path ending in 0 or 3, ωn ∈ {0,1,2,3}
for all n 0. We will say that the path ω is (P,Q)-good (or just good) if the there exists n 0
such that the following two conditions are satisfied:
(i) ω0, . . . ,ωn ∈ {0,2} and the number of occurrences of 2 in ω0 . . .ωn is less than P ;
(ii) lng(ωn+1ωn+2 . . .)Q.
Theorem 3.10. Let L be a spectral labeling of the binary tree. Suppose there exist integers
P,Q 0 such that for any vertex v in the tree, there exists a (P,Q)-good path starting from the
vertex v. Then the set Λ(L) is a spectrum for μ4.
We divide the proof into several lemmas.
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Then ∑
λ∈Λ
∣∣μ̂4(t + λ)∣∣2  1 (t ∈ R). (3.3)
The set Λ is a spectrum for μ4 iff∑
λ∈Λ
∣∣μ̂4(t + λ)∣∣2 = 1 (t ∈ R). (3.4)
Proof. Let P be the projection onto the span of {eλ | λ ∈ Λ}. Then, using Parseval’s identity, we
have for all t ∈ R:
1 ‖Pe−t‖2 =
∑
λ∈Λ
∣∣〈eλ, e−t 〉∣∣2 = ∑
λ∈Λ
∣∣μ̂4(t + λ)∣∣2.
This implies (3.3) and one of the ⇒ part in the last statement. For the converse, if (3.4) holds,
then e−t is in the span of {eλ}λ, and using the Stone–Weierstrass theorem, this implies that the
span is L2(μ4). 
Lemma 3.12. Assume that there exist 0 > 0 and δ0 > 0 such that for any y ∈ [−0,1 + 0] and
any vertex v = d0 . . . dN−1 in the binary tree T (L), there exists an infinite path λ(d0 . . . dN−1) in
the tree, starting from v, ending in 0 or 3, such that |μ̂4(y + λ(d0 . . . dN−1))|2  δ0. Then Λ(L)
is a spectrum for μ4.
The main idea of the proof of Lemma 3.12 is the same as the one used in a characterization
of orthonormal scaling functions in wavelet theory [1], and is similar to the one used in the proof
of Theorem 2.8 in [19]. But since 0 is not always present in the branching at a vertex, the details
are more complicated.
Proof of Lemma 3.12. With Theorem 3.3 we know that {eλ | λ ∈ Λ(L)} is an orthonormal
family. We need to check (3.4). For a finite word d0 . . . dN−1 with d0, . . . , dN−1 ∈ {0,1,2,3}, we
write d0 . . . dN−1 ∈ Λ(L), if d0 . . . dN−1 is the label of a vertex in the binary tree T (L).
For d0 . . . dN−1 in Λ(L), let
PNx (d0 . . . dN−1) :=
N∏
j=1
cos2
(
2π(x + d0 + · · · + 4N−1dN−1)
4j
)
(x ∈ R). (3.5)
We claim that for any N  1, ∑
d0...dN−1∈Λ(L)
PNx (d0 . . . dN−1) = 1. (3.6)
For this, note that if {e, e′} is any one of the following sets {0,1}, {0,3}, {1,2}, {2,3}, we have
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(
2π(x + e)
4
)
+ cos2
(
2π(x + e′)
4
)
= 1 (x ∈ R). (3.7)
Then (3.6) follows from (3.7) by induction.
Next, fix x ∈ R. Pick Q1 such that for N Q1, |x|4N  0. Then for any d0 . . . dN−1 ∈ Λ(L),
the point y := x+d0+···+4N−1dN−14N ∈ [−0,1 + 0]. Therefore there exists a path λ(d0 . . . dN−1)
starting from the vertex d0 . . . dN−1, ending in 0 or 3 with |μ̂4(y + λ(d0 . . . dN−1))|2  δ0. We
have
PNx (d0 . . . dN−1)
 1
δ0
PNx (d0 . . . dN−1)
∣∣∣∣μ̂4(x + d0 + · · · + 4N−1dN−14N + λ(d0 . . . dN−1)
)∣∣∣∣2
= 1
δ0
N∏
j=1
cos2
(
2π(x + d0 + · · · + 4N−1dN−1 + 4Nλ(d0 . . . dN−1))
4j
)
×
∞∏
j=1
∣∣∣∣cos(x + d0 + · · · + 4N−1dN−1 + 4Nλ(d0 . . . dN−1)4N+j
)∣∣∣∣2
= 1
δ0
∣∣μ̂4(x + d0 + · · · + 4N−1dN−1 + 4Nλ(d0 . . . dN−1))∣∣2
= 1
δ0
∣∣μ̂4(x + ηx(d0 . . . dN−1))∣∣2,
where for all d0 . . . dN−1 ∈ Λ(L), we denote
ηx(d0 . . . dN−1) := d0 + · · · + 4N−1dN−1 + 4Nλ(d0 . . . dN−1) ∈ Λ(L).
Note that the base 4 expansion of ηx(d0 . . . dN−1) starts with d0 . . . dN−1.
We claim that for any  > 0 there exists P and Q such that∑
d0...dN−1∈Λ(L)
lng(ηx(d0...dN−1))P
PNx (d0 . . . dN−1) <  (N Q). (3.8)
Fix  > 0. Using (3.3), there exists P Q1 =: Q such that∑
λ∈Λ(L), lng(λ)P
∣∣μ̂4(x + λ)∣∣2 < δ0.
Then, using the previous calculation, for N Q ,
∑
d0...dN−1∈Λ(L)
PNx (d0 . . . dN−1)
1
δ0
∑
d0...dN−1∈Λ(L)
∣∣μ̂4(x + ηx(d0 . . . dN−1))∣∣2
lng(ηx(d0...dN−1))P lng(ηx(d0...dN−1))P
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∑
λ∈Λ(L), lng(λ)P
|μ̂4(x + λ)|2 < .
This proves (3.8).
From (3.8) we get that for all N Q ,∑
d0...dN−1∈Λ(L)
lng(ηx(d0...dN−1))<P
PNx (d0 . . . dN−1)
=
∑
d0...dN−1∈Λ(L)
PNx (d0 . . . dN−1) −
∑
d0...dN−1∈Λ(L)
lng(ηx(d0...dN−1))P
PNx (d0 . . . dN−1) (3.9)
by (3.6)= 1 −
∑
d0...dN−1∈Λ(L)
lng(ηx(d0...dN−1))P
PNx (d0 . . . dN−1)
> 1 − . (3.10)
We also have for all λ = d0d1 . . . ∈ Λ(L),∣∣μ̂4(x + λ)∣∣2 = lim
N→∞P
N
x (d0 . . . dN−1). (3.11)
To prove (3.11), we consider two cases: if λ ends in 0, then λ = d0 + · · · + 4p−1dp−1 for some
p  0, dk = 0 for k  p, and for N  p,
PNx (d0 . . . dN−1) =
N∏
j=1
cos2
(
2π(x + λ)
4j
)
→ ∣∣μ̂4(x + λ)∣∣2.
If λ ends in 3, then λ = d0 + · · ·+ 4p−1dp−1 − 4p , for some p, dk = 3 for k  p, and for p N ,
PNx (d0 . . . dN−1) =
N∏
j=1
cos2
(
2π(x + d0 + · · · + 4p−1dp−1 + 4p(3 + · · · + 3 · 4N−1−p))
4j
)
=
N∏
j=1
cos2
(
2π(x + d0 + · · · + 4p−1dp−1 − 4p + 4N)
4j
)
=
N∏
j=1
cos2
(
2π(x + λ)
4j
)
→ ∣∣μ̂4(x + λ)∣∣2.
This proves (3.11).
Now, any λ ∈ Λ(L) with lng(λ) < P has base 4 expansion of the form λ = d0 . . . dP−10 or
λ = d0 . . . dP−13, with d0 . . . dP ∈ Λ(L). Therefore there are at most 2P · 2 = 2P+1 such λ.
With (3.11), for each such λ we can approximate |μ̂4(x +λ)|2 by PNx (d0(λ) . . . dN−1(λ)), where
d0(λ)d1(λ) . . . is the base 4 expansion of λ.
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λ∈Λ(L), lng(λ)<P
∣∣μ̂4(x + λ)∣∣2 > ∑
λ∈Λ(L), lng(λ)<P
PNx
(
d0(λ) . . . dN−1(λ)
)− . (3.12)
But if d0 . . . dN−1 ∈ Λ(L) and η := ηx(d0 . . . dN−1) has length lng(η) < P then, the first N
digits of ηx(d0 . . . dN−1) are d0(η) = d0, . . . , dN−1(η) = dN−1 and ηx(d0 . . . dN−1) is an element
of Λ(L) such that lng(η) < P . Therefore∑
d0...dN−1∈Λ(L)
lng(ηx(d0...dN−1))<P
PNx (d0 . . . dN−1)
∑
λ∈Λ(L), lng(λ)<P
PNx
(
d0(λ) . . . dN−1(λ)
)
. (3.13)
From (3.13), and (3.9), (3.10) we get∑
λ∈Λ(L), lng(λ)<P
PNx
(
d0(λ) . . . dN−1(λ)
)
> 1 − . (3.14)
Then using (3.12), we have∑
λ∈Λ(L)
∣∣μ̂4(x + λ)∣∣2  ∑
λ∈Λ(L), lng(λ)<P
∣∣μ̂4(x + λ)∣∣2 > 1 − 2.
Since  > 0 and x ∈ R are arbitrary, Lemma 3.12 follows from Lemma 3.11. 
Lemma 3.13. For each P,Q  0, there exists δ > 0 depending only on P,Q, such that for all
x ∈ [− 14 , 34 ] and all (P,Q)-good paths ω of one of the forms ω = 0 or ω = 0 . . .02d0d1 . . . , thefollowing inequality holds ∣∣μ̂4(x + ω)∣∣2  δ.
(Note that, unless it is 0, the path ω contains at least one 2 after some zeros. The 2 can be on the
first position 2 . . . . Note also that the path does not have to be in the binary tree.)
Proof. First we prove that for any n, k ∈ Z, n 0,
∣∣μ̂4(x + 4nk)∣∣2  ∣∣μ̂4(x)∣∣2∣∣∣∣μ̂4( x4n + k
)∣∣∣∣2 (x ∈ R). (3.15)
If n 1, we have
∣∣μ̂4(x + 4nk)∣∣2 = cos2(2π(x + 4nk)4
)
. . . cos2
(
2π(x + 4nk)
4n
) ∞∏
j=n+1
cos2
(
2π(x + 4nk)
4j
)
=
n∏
cos2
(
2πx
4j
) ∞∏
cos2
(2π( x4n + k)
4j
)

∣∣μ̂4(x)∣∣2∣∣∣∣μ̂4( x4n + k
)∣∣∣∣2.
j=1 j=1
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The function |μ̂4|2 is continuous and its zeros are Z = {4j (2k + 1) | j  0, j, k ∈ Z} (see
Lemma 3.5). This implies in particular that |μ̂4(4k + 2)|2 = 0 for all k ∈ Z.
If an integer a has base 4 expansion a = a0a1 . . . of length lng(a)Q then |a| 4Q. Indeed,
if a = a0 . . . aQ−10, then 0  a = a0 + · · · + 4Q−1aQ−1  3 + · · · + 4Q−13 = 4Q − 1. If a =
a0 . . . aQ−13, then 0 a = a0 + · · · + 4Q−1aQ−1 − 4Q −4Q.
Pick 1 > 0 small (we will need 1 < 748 ). The function |μ̂4|2 is continuous and non-zero on
the compact set
A := [−1 + 1,1 − 1] +
{
2 + 4k ∣∣ |k| 4Q}.
Therefore, there exists a δ1 > 0 such that∣∣μ̂4(y)∣∣2  δ1 (y ∈ A). (3.16)
Take now x ∈ [− 14 , 34 ] and let ω be a (P,Q)-good path of the forms mentioned in the hypoth-
esis. If ω = 0 then x + ω = x ∈ A and |μ̂4(x + ω)|2  δ1. In the other case ω has the form:
ω = 4n1 2 + · · · + 4n22 + · · · + 4np2 + 4np+1k,
where 0 n1 < · · · < np , 1 p  P and k is an integer with base 4 expansion of length Q,
so |k| 4Q. Using (3.15) we have, by induction:
∣∣μ̂4(x + ω)∣∣2  ∣∣μ̂4(x)∣∣2∣∣∣∣μ̂4( x4n1 + 2 + 4n2−n1 2 + · · · + 4np−n1 2 + 4np+1−n1k
)∣∣∣∣2

∣∣μ̂4(x)∣∣2∣∣∣∣μ̂4( x4n1 + 2
)∣∣∣∣2
×
∣∣∣∣μ̂4( x4n2 + 24n2−n1 + 2 + 4n3−n2 2 + · · · + 4np−n2 2 + 4np+1−n2k
)∣∣∣∣2

∣∣μ̂4(x)∣∣2∣∣∣∣μ̂4( x4n1 + 2
)∣∣∣∣2∣∣∣∣μ̂4( x4n2 + 24n2−n1 + 2
)∣∣∣∣2 · · ·
×
∣∣∣∣μ̂4( x4np−1 + 24np−1−n1 + · · · + 24np−1−np−2 + 2
)∣∣∣∣2
×
∣∣∣∣μ̂4( x4np + 24np−n1 + · · · + 24np−np−1 + 2 + 4k
)∣∣∣∣2.
We have, when nl  1
−1 + 1 < −14 
x
4nl
+ 2
4nl−n1
+ · · · + 2
4nl−nl−1
 3
16
+ 2
4
1
1 − 1 =
41
48
< 1 − 1.
4
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product above, and we obtain that
∣∣μ̂4(x + ω)∣∣2  δp1  δP1 .
This proves Lemma 3.13. 
Proof of Theorem 3.10. We will show that the conditions of Lemma 3.12 are satisfied. Take
y ∈ [− 14 , 54 ] and, take d0 . . . dN−1 to be a vertex in the binary tree T (L).
We distinguish two cases.
Case I. y ∈ [− 14 , 34 ]. We will construct a path λ in the tree starting from the vertex d0 . . . dN−1.
For this we follow the even-labeled branches until we reach the first 2 (recall that exactly one
of the branches from every vertex is labeled by 0 or 2). If we cannot find a 2, then this means
that λ = 0 is a path in the tree from the vertex d0 . . . dN−1, and with Lemma 3.13, we obtain
|μ̂4(y + λ)|2 = |μ̂4(y)|2  δ.
Suppose we can find a 2 after finitely many steps from d0 . . . dN−1. Then from the ver-
tex d0 . . . dN−10 . . .02, by hypothesis, we can find a (P,Q)-good path γ in the tree. Then
λ := 0 . . .02γ is a (P + 1,Q)-good path in the tree from the vertex d0 . . . dN−1. Then with
Lemma 3.13, |μ̂4(y + λ)|2  δ.
Case II. y ∈ [ 34 , 54 ]. We will construct a path λ from the vertex d0 . . . dN−1. For this we follow
the odd-labeled branches until we reach the first 1. If we cannot find a 1, then this means that
λ = 3 is a path in the tree from the vertex d0 . . . dN−1; so λ = −1, and y + λ = y − 1 ∈ [− 14 , 14 ]
so we get |μ̂4(y + λ)|2  δ.
If we can find a 1 after finitely may steps from d0 . . . dN−1, then from the vertex d0 . . .
dN−13 . . .31 there exists a (P,Q)-good path γ in the tree. Then take λ := 3 . . .31γ , with p
3’s in the beginning. Then
y + λ = y + 3 + 4 · 3 + · · · + 4p−13 + 4p1 + 4p+1γ = y + 4p − 1 + 4p + 4p+1γ
= y − 1 + 4p(2 + 4γ ).
But then y − 1 ∈ [− 14 , 14 ] and 4p(2 + 4γ ) is a (P + 1,Q)-good path (it is not a path in the tree
but that does not matter), that contains at least a 2 (on position p). Therefore, with Lemma 3.13,
we get |μ̂4(y + λ)|2  δ.
Thus the hypotheses of Lemma 3.12 are satisfied and this implies that Λ(L) is a spectrum
for μ4. 
As a special consequence of Theorem 3.10 we obtain the following corollary, which general-
izes the results from [8], where the labels allowed were only {0,1}.
Corollary 3.14. Suppose L is a labeling of the binary tree such that for each vertex v in the tree,
the two edges that start from v are labeled by either {0,1} or {0,3}. Then Λ(L) is a spectrum
for μ4.
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tree. This is also a (0,0)-good path, so the conditions of Theorem 3.10 are satisfied. 
4. Other digits
In this section, we consider the spectral labeling of the binary tree with other digits, not nec-
essarily {0,1,2,3}. We show that a spectral labeling is a spectrum if the set of digits is uniformly
bounded and the zero label is included at each vertex (partially improving a result in [19]).
Moreover, we provide the first counterexample for the fractal measure μ4 of a maximal set of
orthogonal exponentials which is not a spectrum for μ4.
Definition 4.1. Suppose now we want to label the edges in the binary tree with other digits, not
necessarily {0,1,2,3}. At each branching we use different digits, but we obey the rule that at
each branching we can use only labels of the type {0, a} where a ∈ Z is some odd number which
varies from one branching to another. Thus, at the root we have a set A∅ of the form {0, a} with
a ∈ Z odd, and inductively, at each vertex a0 . . . ak−1 with a0 ∈ A∅, . . . , ak−1 ∈ Aa0...ak−2 , we
have a set Aa0...ak−1 of the form {0, a(a0, . . . , ak−1)} with a(a0, . . . , ak−1) ∈ Z odd. We define
the set
Λ :=
{
n∑
k=0
4kak
∣∣∣ a0 ∈ A∅, . . . , ak ∈ Aa0...ak−1 , n 0
}
. (4.1)
Definition 4.2. Suppose the sets A∅, . . . ,Aa0...ak−1 are given as in Definition 4.1. We say that an
integer λ has a modified base 4 expansion with digits in A if there exists an infinite sequence
a0a1 . . . with the following properties:
(i) a0 ∈ A∅, ak ∈ Aa0...ak−1 , for all k  1;
(ii) ∑n−1k=0 ak4k ≡ λ mod 4n, for all n 0.
We call a0a1 . . . the A-base 4 expansion of λ. We denote by Λ(A) the set of all integers that have
a modified base 4 expansion with digits in A.
Remark 4.3. The A-base 4 expansion is unique. Indeed if a0a1 . . . and a′0a′1 . . . are two A-base 4
expansions for the same integer λ, then if they are different, take n to be the first index such
that an = a′n. Then
∑n
k=0 ak4k ≡ λ ≡
∑n
k=0 a′k4k mod 4n+1, but this implies that an ≡ a′n, a
contradiction, since an, a′n ∈ Aa0,...,an−1 and an = a′n.
Note that if L is a spectral labeling and λ ∈ L, then its base 4 expansion coincides with the
L-base 4 expansion.
Theorem 4.4. Consider the sets of digits A as in Definition 4.1.
(i) For the set Λ in (4.1), the exponentials {eλ | λ ∈ Λ} form an orthogonal family. There exists
a unique spectral labeling L such that Λ ⊂ Λ(L). Moreover Λ(L) = Λ(A).
(ii) If the sets Aa0...ak are uniformly bounded, then Λ(L) is a spectrum for μ4.
Proof. To see that the exponential in {eλ}λ∈Λ are orthogonal, take λ = ∑∞k=0 4kak , λ′ =∑∞ 4ka′ in Λ, λ = λ′, ak, a′ = 0 for k large. Let n be the first index such that an = a′ . Thenk=0 k k n
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(with Lemma 3.5). Therefore eλ ⊥ eλ′ .
Using Zorn’s lemma, there is a maximal set Λ′ of orthogonal exponentials such that Λ ⊂ Λ′.
With Theorem 3.3, there exists a spectral labeling L such that Λ(L) = Λ′. The key fact here
is the uniqueness. We can construct the spectral labeling L as in the proof of Theorem 3.3 and
Lemma 3.7. We consider base 4 expansions of elements in Λ. We want to prove that, if we fix
d0 . . . dn−1 ∈ {0,1,2,3} then the set
D(d0 . . . dn−1) :=
{
dn(λ)
∣∣ λ ∈ Λ,d0(λ) = d0, . . . , dn−1(λ) = dn}
will have 0 or 2 elements, and if it has 2, then they have different parity. Since Λ ⊂ Λ′ it is clear
that this set can have at most 2 elements, and if there are two then they have different parity. So
it remains to prove only that it cannot have exactly one.
Suppose the set contains at least one element. Then there exists λ = ∑∞k=0 4kak , with the
digits ak in the sets A, such that the base 4 expansion of λ starts with d0 . . . dn−1. Take now
λ′ :=∑n−1k=0 4kak + 4nan and λ′′ =∑n−1k=0 4kak + 4na′n where a′n is the other digit beside an in
Aa0...an−1 = {an, a′n}. Since λ−λ′ and λ−λ′′ are multiples of 4n the base 4 expansions of λ,λ′, λ′′
will have the same first n digits d0 . . . dn−1. The (n+ 1)st digits in the base 4 expansion of λ and
λ′ will be of different parity because an − a′n is odd. Thus D(d0 . . . dn−1) has 0 or 2 elements of
different parity and these are completely determined from the set Λ (not just from the maximal
one Λ′).
Then the construction of the spectral labeling L proceeds just as in the proof of Theorem 3.3.
Next, we prove that an integer λ is in Λ(L) iff it has a modified base 4 expansion with digits
in A. First, we have that an integer λ with base 4 expansion d0d1 . . . is in the tree iff for all n, there
exists a0, . . . , aN , a0 ∈ A∅, ak ∈ Aa0...ak−1 , such that the base 4 expansion of
∑N
k=0 ak4k begins
with d0 . . . dn−1. But this implies that
∑l
k=0 4kdk ≡
∑l
k=0 4kak mod 4l+1 for all l  n − 1. In
particular the digits a0 . . . an−1 are completely determined by the digits d0 . . . dn−1, so they do
not change if we increase n.
Thus, if λ = d0d1 . . . is in Λ(L), there exist a0, a1, . . . from A, such that for all n 0,
λ ≡
n∑
k=0
4kdk ≡
n∑
k=0
4kak mod 4n+1.
Therefore λ is in Λ(A).
Conversely, let λ be in Λ(A), and let d0d1 . . . be its base 4 expansion. Then there exist
a0, a1, . . . from A such that for all n.
n∑
k=0
4kdk ≡ λ ≡
n∑
k=0
4kak mod 4n+1.
This implies that the base 4 expansion of
∑n
k=0 4kak begins with d0 . . . dn so d0 . . . dn is a label
in the tree T (L), and letting n → ∞, we get that λ is in Λ(L). This completes the proof of (i).
Next we prove (ii), i.e., if the sets Aa0...ak are uniformly bounded then Λ(L) is a spectrum.
We will check the conditions of Theorem 3.10. Let Q 0 such that all the digits ak used in Λ
satisfy |ak| 4Q.
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k=0 4kak in Λ, ak = 0 for k large, such that the base 4 expansion of λ starts with d0 . . . dn−1.
Take λ′ := ∑n−1k=0 4kak ∈ Λ. Since λ − λ′ = 4nl for some integer l, the base 4 expansion of λ′
starts also with d0 . . . dn−1. But |λ′| ∑nk=0 |ak|4k  4Q 4n−14−1  4Q+n. Therefore the base 4
expansion of λ′ will have 0 or 3 from position Q + n on. Thus, since λ′ ∈ Λ, there exists a
(0,Q)-good path in the tree that starts at the vertex d0 . . . dn−1. With Theorem 3.10, Λ(L) is a
spectrum for μ4. 
Remark 4.5. In [19], Strichartz analyzed the spectra of a more general class of measures.
When restricted to our example, his results (Theorems 2.7 and 2.8 in [19]) cover the case
when all vertices at some level n use the same digits {0, an}. In our notation, this means that
Aa0,...,an−1 =: An depends only on the length n, and not on the digits a0 . . . an−1. In [19, Theo-
rem 2.8], an extra condition is needed to guarantee that the set
Λ =
{
n∑
k=0
bk4k
∣∣∣ bk ∈ {0, ak}, n 0}
is a spectrum μ4. The condition requires the set 14n A0 + 14n−1 A1 +· · ·+ 14An−1 be separated from
the zeroes of the function
n∏
k=1
cos2
(
2π
x
4k
)
uniformly in k.
Theorem 4.4 improves this result by removing this extra condition. Even when the condition
is not satisfied we still get a spectrum for μ4, namely Λ(A), but this might be bigger than Λ.
Example 4.6. Let all the sets Aa0...ak−1 in Definition 4.1 be equal to {0,3}. The results in [19] do
not apply (since ∑nk=0 34k approaches 1). Then the set
Λ =
{
n∑
k=0
ak4k
∣∣∣ ak ∈ {0,3}, n 0},
will give an incomplete set of exponentials. To complete it one has to consider the set Λ(A)
which is in this case
Λ(A) = Λ ∪
{
n∑
k=0
ak4k − 4n+1
∣∣∣ ak ∈ {0,3}, n 0}.
The second part comes from the integers with base 4 expansion ending in 3. The set Λ contains
only those integers that have a base 4 expansion ending in 0. Λ(A) is a spectrum, by Theo-
rem 4.4(ii). The reason for the incompleteness of Λ is that the integers are not read correctly
(perhaps thoroughly is the better word) from the labels A.
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Λ :=
{
n∑
k=0
ak4k
∣∣∣ a0 ∈ {0,15}, ak ∈ {0,9} for k  1, n 0},
does not give a maximal set of orthogonal exponentials. e3 is perpendicular to all eλ, λ ∈ Λ. In-
deed 3 has A-base 4 expansion 15 999 . . . , so 3 ∈ Λ(A), and Λ(A) is a spectrum by Theorem 4.4.
Example 4.8. In this example we construct a set of digits A which will give a spectral labeling,
which is not a spectrum. Thus we will have Λ = Λ(A) = Λ(L) but Λ is not a spectrum. The
reason for the incompleteness of {eλ | λ ∈ Λ} is thus more subtle, the set is a maximal set of
orthogonal exponentials, but it does not span the entire L2(μ4).
Consider the following set
Λ :=
{
N∑
k=0
4k
(
410
k+2−k + 1)δk ∣∣∣ δk ∈ {0,1}, N  0}. (4.2)
We will prove the following
Proposition 4.9. There exists a spectral labeling L such that Λ(L) = Λ, so, by Theorem 3.3
the set {eλ | λ ∈ Λ} forms a maximal family of orthogonal exponentials. Nonetheless Λ is not a
spectrum for μ4.
Proof. The elements in Λ have the form
λ =
∞∑
k=0
(
410
k+2 + 4k)δk, (4.3)
where δk ∈ {0,1} and δk = 0 for k larger than some N  0.
Let λ = d0d1 . . . be the base 4 expansion of this element. Since λ 0 the expansion ends in 0.
Then, note that
(i) dk = 1 iff one of the following two conditions is satisfied:
• k is not of the form 10n+2 and δk = 1;
• k = 10n+2 for some n 0, and δn = 1 and δk = 0.
(ii) dk = 2 iff k = 10n+2 for some n 0, and δn = 1 and δk = 1.
(iii) dk = 0 in all other cases.
We construct the spectral labeling L as follows. First, we consider the spectral labeling L0 where
only the labels {0,1} are used at each vertex. We build a new binary tree T (L0,L) with a dif-
ferent kind of labeling. For the vertices we keep the labels from T (L0), but we label the edges
differently. We will change the labeling {0,1} to {1,2} at certain vertices. This will be done in
the following way: for all N  0 and for all vertices δ0 . . . δN with δN = 1, in the subtree with
root δ0 . . . δN we will change the labeling at all vertices at level 10N+2 from {0,1} to {1,2}. So,
at a vertex δ0 . . . δNδN+1 . . . δ10N+2−1, the edges are labeled {1,2} instead of {0,1}.
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the edges.
We have to check that Λ(L) = Λ. If λ = d0d1 . . . ∈ Λ(L), ending in 0, then we construct a
sequence δ0δ1 . . . by reading the labels of the vertices in T (L0,L) along λ. Then by construction
λ =
∞∑
k=0
4kdk =
∞∑
k=0
(
410
k+2 + 4k)δk
so λ ∈ Λ. Conversely, if δ0, . . . , δN are in {0,1} it is clear that the base 4 expansion of∑N
k=0(410
k+2 + 4k)δk is in Λ(L).
The labeling L is a spectral labeling because one can end a path in 0: just follow the zeros in
the labeling of the vertices in T (L0,L).
Next we prove that Λ is not a spectrum for μ4. We will show that
∑
λ∈Λ
∣∣μ̂4(1 + λ)∣∣2 < 1. (4.4)
First, let λ = λ(δ0 . . . δN ) :=∑Nk=0(410k+2 + 4k)δk , with δN = 1, and let λ = d0d1 . . . be the
base 4 expansion. Then d10N+2 = 1 and dk = 0 for k > 10N+2. Since for k < N , we have 10k+2 
10N+1, and k < 10N+1, we see that dk = 0 for 10N+1 < k < 10N+2. Thus the base 4 expansion
of λ ends with a 1 on position 10N+2 and 9 · 10N+1 zeros before that.
We use the following notation: for e0e1 . . . en, .e0e1 . . . en := e04 + · · · + en4n . Let m(x) :=
cos2(2πx). Let the base 4 expansion of 1 + λ be b0b1 . . . . Then b0 = d0 + 1 and bn = dn for
all n  1. Then 1+λ4 ≡ .b0 mod Z, 1+λ42 ≡ .b1b0 mod Z . . . 1+λ4j ≡ .bj−1 . . . b0. Since m  1 we
have
∣∣μ̂4(1 + λ)∣∣2 = ∞∏
j=1
m
(
1 + λ
4j
)
m
(
1 + λ
410N+2+1
)
.
But 1+λ
410N+2+1
≡ y := .b10N+2 . . . b10N+1 . . . b0 mod Z. But we saw above that b10N+2 = a10N+2 = 1
and bn = an = 0 for 10N+1 < n < 10N+2. So y − 14 = y − .1 has at least 9 · 10N+1 zeros after
the decimal point. Therefore 0 y − 14 = y − .1 149·10N+1 . Then
m(y) = cos2
(
2π
(
1
4
+
(
y − 1
4
)))
= sin2
(
2π
(
y − 1
4
))
 4π2
(
y − 1
4
)2
 4π
2
418·10N+1
.
Therefore
∣∣μ̂4(1 + λ)∣∣2 m( 1 + λ410N+1
)
= m(y) 4π
2
418·10N+1
.
Then
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λ∈Λ
∣∣μ̂4(1 + λ)∣∣2 = ∞∑
N=0
∑
δ0,...,δN−1∈{0,1}
δN=1
∣∣μ̂4(1 + λ(δ0 . . . δN))∣∣2  ∞∑
N=0
2N
4π2
418·10N+1
< 1.
With Lemma 3.11, this shows that Λ is not a spectrum for μ4. 
5. Further remarks
In this section we describe some basic properties of spectra for the measure μ4, and we give
an example of a spectral labeling which generates a spectrum but does not satisfy the conditions
of Theorem 3.10.
Proposition 5.1.
(i) If Λ1,Λ2 are spectra for μ4, Λ1,Λ2 ⊂ Z, and e1, e2 are two integers of different parity, then
the set Λ := (4Λ1 + e1) ∪ (4Λ2 + e2) is a spectrum for μ4.
(ii) If Λ is a spectrum for μ4, Λ ⊂ Z, then there exist Λ1,Λ2 ⊂ Z and e1, e2 integers of different
parity such that
Λ = (4Λ1 + e1) ∪ (4Λ2 + e2). (5.1)
Moreover, for any decomposition of Λ as in (5.1), the sets Λ1,Λ2 are spectra for μ4.
Proof. (i) We use Lemma 3.11. We have for x ∈ R, using Lemma 3.4:
∑
i=1,2
∑
λi∈Λi
∣∣μ̂4(x + 4λi + ei)∣∣2 = ∑
i=1,2
∑
λi∈Λi
cos2
(
2π
x + ei
4
+ λi
)∣∣∣∣μ̂4(x + ei4 + λi
)∣∣∣∣2
=
∑
i=1,2
cos2
(
2π
x + ei
4
) ∑
λi∈Λi
∣∣∣∣μ̂4(x + ei4 + λi
)∣∣∣∣2
=
∑
i=1,2
cos2
(
2π
x + ei
4
)
= 1.
For the next to last equality we used the fact that Λi are spectra and Lemma 3.11. For the last
equality we used the fact that e1 − e2 is odd.
(ii) We can assume that 0 ∈ Λ. Otherwise, we work with Λ−λ0 for some λ0 ∈ Λ. Then, since
Λ is a spectrum, by Theorem 3.3 there is a spectral labeling L of the binary tree. Take e1, e2
to be the labels of the edges that start from the root ∅, and take Λi to be the set of integers that
correspond to infinite paths in the subtree with root ei . Then it is clear that (5.1) is satisfied.
Assume now that Λ is decomposed as in (5.1). We want to prove that Λ1,Λ2 are spectra.
A simple check, that uses Lemma 3.5, shows that {eλ | λ ∈ Λi} is an orthonormal family, for both
i = 1,2. With Lemma 3.11 and the computation above we have for all x ∈ R,
1 =
∑
cos2
(
2π
x + ei
4
) ∑ ∣∣∣∣μ̂4(x + ei4 + λi
)∣∣∣∣2i=1,2 λi∈Λi
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∑
i=1,2
cos2
(
2π
x + ei
4
)
hΛi
(
x + ei
4
+ λi
)
.
Take now x /∈ Z. From Lemma 3.11, we have hΛi ( x+ei4 +λi) 1. Also cos2(2π x+ei4 ) = 0 for
i = 1,2. If hΛi ( x+ei4 + λi) < 1 for one of the i’s, then this would contradict the equality above.
Thus hΛi (
x+ei
4 + λi) = 1 for all x /∈ Z, i = 1,2. But as in the proof of Lemma 3.11, this implies
that e−x is in the span of {eλ | λ ∈ Λi} for all x /∈ Z, and since en can be approximated uniformly
by ex with x /∈ Z, it follows that en is also spanned by exponentials in Λi . Then as in the proof
of Lemma 3.11, it follows that Λi is a spectrum. 
Remark 5.2. Suppose Λ1 and Λ2 are spectra, containing 0. Let T (L1) and T (L2) be the spectral
labelings of the binary tree that correspond to Λ1 and Λ2 as in Theorem 3.3. Let {e1, e2} be a
pair of digits of different parity e1, e2 ∈ {0,1,2,3}. By Proposition 5.1, (4Λ1 + e1)∪ (4Λ2 + e2)
is a new spectrum of μ4. The corresponding spectral labeling can be obtained by labeling the
first two edges, the ones from ∅, by e1 and e2, and labeling the edges in the subtree with root e1
using L1, and the edges in the subtree with root e2 using L2.
Applying Proposition 5.1 several times, we see that the spectral property is a “tail” property:
it does not depend on the labeling of the first few edges. In other words, if all the subtrees, from
some level on, correspond to spectra, then the entire tree will correspond to a spectrum.
Proposition 5.3. Let L be a spectral labeling. For each vertex d0 . . . dn−1, let Ld0...dn−1 be the
spectral labeling obtained by reading the labels in the subtree with root d0 . . . dn−1. Suppose
there exists a finite set S of paths in the binary tree T (L), that start at the root ∅, and that satisfy
the following conditions:
(i) The paths do not end in 0 or 3;
(ii) For any vertex d0 . . . dn−1 that does not lie on any of the paths in S , the spectral labeling
Ld0...dn−1 gives a spectrum, i.e. Λ(Ld0...dn−1) is a spectrum.
Then Λ(L) is a spectrum.
Proof. Let m(x) := cos2(2πx), x ∈ R.
Fix x ∈ R and let ω0ω1 . . . be a path in T (L) that does not end in 0 or 3. We prove that
lim
n→∞
n∏
j=1
m
(
x + ω0 + · · · + 4n−1ωn−1
4j
)
= 0. (5.2)
To prove (5.2), we will show first that there exists 0 > 0 and a subsequence {np}p0 such that
dist
(
x + ω0 + · · · + 4np−1ωnp−1
4np
,
{
0,
1
2
,1
})
 0 (p  0). (5.3)
If not, then
dist
(
x + ω0 + · · · + 4n−1ωn−1
n
,
{
0,
1
,1
})
→ 0, as n → ∞.
4 2
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x+ω0+···+4n−1ωn−1
4n is close to 0,
1
2 or 1.
If |yn − 0| <  then yn+1 = yn+ωn4 is close to either 0 when ωn = 0, or 14 , 24 , 34 when ωn = 1,2
or 3.
If |yn − 12 | <  then yn+1 is close to either 18 , 38 , 58 or 78 , so it cannot be close to {0, 12 ,1}.
If |yn − 1| <  then yn+1 is close to {0, 12 ,1} only when ωn = 3.
Thus, the only paths that will make yn stay close to {0, 12 ,1}, as n → ∞, are the ones that end
in 0 or 3. This proves (5.3).
If (5.3) is satisfied then, since m(y) = 1 only at 0, 12 and 1, for y ∈ (−1/4,5/4), there exists
some δ > 0, with δ < 1, such that for all p  0,
m
(
x + ω0 + · · · + 4np−1ωnp−1
4np
)
 δ. (5.4)
Then for n np we have, since 0m 1 and m is Z-periodic,
n∏
k=1
m
(
x + ω0 + · · · + 4n−1ωn−1
4j
)

p∏
l=1
m
(
x + ω0 + · · · + 4nl−1ωnl−1
4nl
)
 δp.
This implies (5.2).
Let V(S) be the set of labels of vertices on the paths in S .
To prove Proposition 5.3, we use Lemma 3.11. Using the computation in the proof of Propo-
sition 5.1 we have for all n 0:
∑
λ∈Λ(L)
∣∣μ̂4(x + λ)∣∣2 = ∑
d0...dn−1∈Λ(L)
n∏
j=1
m
(
x + d0 + · · · + 4n−1dn−1
4j
)
×
∑
λ∈Λ(Ld0...dn−1 )
∣∣∣∣μ̂4(x + d0 + · · · + 4n−1dn−14n + λ
)∣∣∣∣2

∑
d0...dn−1∈Λ(L)\V(S)
n∏
j=1
m
(
x + d0 + · · · + 4n−1dn−1
4j
)
×
∑
λ∈Λ(Ld0...dn−1 )
∣∣∣∣μ̂4(x + d0 + · · · + 4n−1dn−14n + λ
)∣∣∣∣2 = (∗).
Since Λ(Ld0...dn−1) is a spectrum for all d0 . . . dn−1 not in V(S), with Lemma 3.11 we obtain
(∗) =
∑
d0...dn−1∈Λ(L)\V(S)
n∏
j=1
m
(
x + d0 + · · · + 4n−1dn−1
4j
)
= 1 −
∑
d0...dn−1
n∏
j=1
m
(
x + d0 + · · · + 4n−1dn−1
4j
)
= (∗∗).∈Λ(L)∩V(S)
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We used (3.6) for the previous equality.
We use the notation ω = d0(ω)d1(ω) . . . . We have then with (5.2),
(∗∗) = 1 −
∑
ω∈S
n∏
j=1
m
(
x + d0(ω) + · · · + 4n−1dn−1(ω)
4j
)
→ 1. 
Example 5.4. We construct an example of a spectral labeling L such that Λ(L) is a spectrum for
μ4 but L does not satisfy the conditions of Theorem 3.10 (see Fig. 2).
For this pick an infinite path in the binary tree and label it with 111 . . . .
Let L0 be the spectral labeling which uses {0,1} at each branch. We know Λ(L0) is a spec-
trum. Let Ln be the spectral labeling which uses {1,2} for first n levels in the tree and {0,1} for
the rest. Using Proposition 5.1, we have that Λ(Ln) is a spectrum.
We label the edges in the binary tree as follows. At the root, we already have one label 1. We
use 0 for the other edge, and we label the subtree with root 0 using L0. At the vertex 1 . . .1︸ ︷︷ ︸
n times
, we
already have one label 1. We use 2 for the other edge, and we label the subtree with root 1 . . .1︸ ︷︷ ︸
n times
using Ln.
Doing this for all n, we get a spectral labeling L. Proposition 5.3 shows that Λ(L) is a spec-
trum for μ4.
Clearly L does not satisfy the conditions of Theorem 3.10, because for any P  0, if we take
the vertex 1 . . .1︸ ︷︷ ︸
P+1 times
, any path from this vertex has to go through a barrage of at least P + 1 twos,
before it can end in 0.
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